We investigate plasma modes in a transistor including a negative differential conductance in the gate. The analytical results show that the plasma wave generation is substantially influenced by the lateral direction (width of the transistor), gate leakage current and viscosity. The injection from the gate (opposed to the gate leakage current) can improve the plasma oscillations and their amplitude with respect to ordinary transistors. We also estimate, which to our best knowledge has been derived for the first time, the total power emitted by the transistor and the emitted pattern which qualitatively gives reasonable agreement with the experimental data. The results show that the radiated power depends on various parameters such as drift velocity, momentum relaxation time, gate leakage current and especially the lateral direction. A negative gate current enhances the power while the gate leakage current decreases the power.
Introduction
The terahertz (THz) region of the electromagnetic spectrum is an area of research that encompasses various branches of science such as physics, chemistry, biology, electronics and medicine. Terahertz radiation has potential applications in various short-wavelength communication devices and security applications. In order to attain these goals using terahertz technology, designing solid state terahertz emitters is indispensable. Developments in terahertz sources include compact electronics systems. Although significant advances in THz science have been achieved, efforts continue to develop sources that are more suitable and compact. Semiconductor hetero-structure devices such as high electron mobility transistors (HEMTs) and field effect transistors (FETs) have attracted increasing attention in THz emitters, detectors and sensors. For a gate length in the region of 100 nm, the plasma frequency of the transistor is in the THz range [1] [2] [3] . The main advantages of HEMTs and FETs over the other THz sources are working temperature, low fabrication cost due to hardware requirements and their high tunability by applying an external gate voltage [4] . The plasma frequency can also be tuned by manipulating cap, window, and gate lengths [5] or conductivity of contacts [6, 7] . Damping due to the momentum relaxation time (electron scattering) and electronelectron scattering (viscosity) degrade the transport properties and plasma excitations in nano transistors [1] [2] [3] . Damping due to the gate leakage current also has a negative impact on the plasma wave-based device. The previous analytical and experimental studies indicate that the gate leakage current degrades the plasma oscillations and damps the amplitude of the plasma waves. This is because of the positive gate to channel resistance which effectively decreases the plasma amplitude. Several authors have addressed the possibility of enhancement of plasma wave oscillation, via a gate injection mechanism. Indeed the negative differential conductance (NDC) of the gate can counteract the positive gate resistance and enhance the plasma excitations. The plasma oscillation in a resonant-tunneling structure has been studied theoretically in [8] . The miniband transport, in a cleaved edged FET, has been analyzed experimentally [9] and it has been shown that the drain current has NDC with respect to the drain-source voltage. The amplification of THz waves, in a resonant tunneling gated transistor, have been investigated theoretically by the transmission line method without the effect of viscosity in one-dimension [10] . It has been shown that the THz signal amplification is possible if the gate can act as a negative resistance. The possibility of THz detection by the resonant tunneling gated HEMT has been analyzed theoretically by the same group [11] in one-dimensional and in the gradual channel approximations (GCA). The operation of the resonant tunneling diode (RTD) near and above 1 THz have been demonstrated by different groups [12] [13] [14] showing the potential use of RTD in circuits.
In [15] the gated and ungated region of a two-dimensional quantum electron gas (2DQEG) has been investigated, showing that the radiation frequency and the instability in an ungated 2DQEG are much higher than that in a gated 2DQEG. The quantum effects always enhance the instability and finally he concluded that both gated and ungated parts take part in that process of emission and detection.
Up to now there is no formulation of plasma frequency, 'increment' and estimation of radiated power and influence of different parameters such as lateral direction, plasma velocity, gate current and viscosity on the performance of the transistor. We demonstrate the effects of these parameters on the plasma frequency and the emitted power. We show that a wider transistor has much more power than a narrower transistor. Consequently a graphene nanoribbon field effect transistor (GNR-FET) or a carbon nanotube field effect transistor (CNT-FET) are inefficient THz emitters. We also show that a negative gate current enhances the power while the gate leakage current decreases the power.
Modeling charge transport in an NDC gated transistor
A schematic device structure of an NDC gated HEMT with appropriate biasing is shown in figure 1 .
The dashed line is the conduction channel represented by a surface charge density of r d = -e N n z 0 ( ) ( ) where N is the surface number density in units of m −2 and n 0 is the background number density due to the donors or acceptors. The channel lies in the (x, y, z=0) surface and the gate has been modeled as a metallic plate above the conduction channel, with the gate to channel distance z=d. We assume that the gate thickness is much more than the skin depth, so it can be viewed as a homogeneous metallic surface. Furthermore the electric field is zero inside the gate. We apply a constant DC voltage to gate-source and a constant DC current to drain-source.
We write hydrodynamic (HD) equations governing the electron transport in the channel of a HEMT as [16] [17] [18] 
Coupled to the Poisson equations in GCA:
, , , , , For a typical transistor size and electron density in the channel, the plasma group velocity may be much higher than the Fermi velocity (s?V F ) but in this article our analysis does not rely on this assumption and we will derive the plasma frequency even when the Fermi velocity is comparable to the plasma wave velocity. Equation (1a) is the two-dimensional Euler equation including the effect of viscosity (last term), and equation (1b) is the classical continuity equation including the effect of gate leakage current as j . g We have defined j g as positive when the current (electron flux) is from the channel to the gate (gate toward channel). We assume that under the proper bias, there is an average DC current of j 0 on the surface of the heterostructure along the x-direction.
Dispersion relation
We consider a wave propagating on the surface of 2DEG with a DC component, small fluctuations and a complex frequency w as
After linearizing the above equations, for the AC part, we obtain:
, .
We can rewrite the above equations as
Equations (5)- (7) have a non-zero solution if:
This gives us the final form of the dispersion equation. As seen from above equation (8) , the dispersion relation depends on various parameters such as drift velocity, viscosity and gate leakage current. The dispersion in k (for the x direction), due to the presence of finite drift velocity, is asymmetric. The dependency of the plasma dispersion curve to small drift velocity (small drain source current), has been shown in figure 2 .
Neglecting the viscosity, momentum relaxation time, drift velocity and gate current, we reach the expression for the familiar plasma dispersion relation
Dyakonov-Shur instability
For each w, equation (8) has two dominant roots as
The parameter k 0 is the root of
The boundary conditions are similar to [8] , zero ac density (or equivalently a zero ac voltage) at the source and zero ac current at the drain. We assume no leakage current to the space in the y direction and impose the following boundary conditions,
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The boundary condition
where W is the transistor's width and L is the channel length.
From the boundary condition of
Replacing the values of k 1,2 from equation (10) in the above relation and after simplifying, we obtain w w g = +j nm nm where w nm is the plasma spectrum and g nm is defined as the
Or in a more compact form by defining: For a gate to source DC bias of j = 1 2 0 V, we obtain A HEMT =0.3074, A NDC =0.3974. This clearly shows that the NDC improves the plasma oscillations amplitude while OHEMT reduces the amplitude. In higher modes number n, we see from equation (13b) that viscosity appreciably affects the 'increment' g .
nm As we can see, the relative size of the transistor affects the spectrum of radiation. If W?L as in ordinary HEMT, only the n=0 mode with a limited number of transverse modes (m=0Km 1 ) contribute to the spectrum.
For these typical values, we have plotted the plasma frequency and 'increment' in figure 3. Figure 3 2 the frequencies are up to mode number m 1 because for m>m 1 , the increment became negative and plasma waves damp. In this case the plasma frequency and the increment are shown in figure 3 for mode number n=1, m=0 for an equivalent gate leakage current on the order of g g = -,
and with an injection current equal in magnitude to the gate leakage current with opposite sign g g = .
p NDC As seen from figure 3(b), for this value of v 0 , only the gate with injection current is positive and others are negative, indicating that the plasma spectrum will survive only for this type of transistor. The power, which is proportional to 'increment' and amplitude , 2 is affected by the gate current.
For a wide transistor of width m = W 100 m, which is typical in a HEMT, as seen from equation (16) we have approximately n=0, m=0 up to 142 modes with amplitude shown in figure 4(a) . The upper label (in black) is the frequency and the lower label (in red) is the mode number. As we can see from this figure, the spectrum is always continuous due to the wide transistor width (compare with [12] ). Due to the viscosity, the spectrum is limited to mode numbers up to m=142.
But if we consider a narrow transistor of width m 2 m, the number of modes which will survive are only three and the plasma spectrum is discontinuous. Figure 4(b) shows the amplitude versus the number of modes and frequencies in the case of m = W 2 m. In the limit of vanishing widths (for example in a GNR-FET) the number of modes is only m=0 and the problem reduces to a one-dimensional one.
Estimation of total radiated power
The energy radiated from a source can be obtained in the far zone approximation as [20] 
| |ˆ( )
where r is the distance from the source to the point at which the power is evaluated and r is the unit vector with angle q with the x axis (x direction) and p is the dipole moment
The total radiated power is the integration of S over a sphere of radius r:
Upon substituting n from equation (12) to (17) we obtain for the dipole moment and the total radiated power as: 
Upon substituting the above relation in equation (18), we obtain for the total power: This is the analytical expression for the total radiated power, showing the dependency of the radiated power on various transistor parameters such as plasma velocity, transistor width, momentum relaxation time, transistor length and electron fluid viscosity (through A n m , ) which, to our best knowledge, are obtained for the first time.
As mentioned in equation (15) , in an NDC HEMT, the power will increase due to the enhancement in the amplitude of voltage oscillations A . 2 It is seen, from both figures, that in NDC HEMT, the power will increase due to the enhancement in the amplitude (see also equations (15) and (19)). The power also depends on charge density n 0 through the plasma wave velocity (which both depend on the gate voltage), so it is expected that by increasing the charge density, the plasma wave velocity and consequently the emitted power will increase. From both figures, we see that for the given parameters, there is an optimum power for a specific transistor length. Beyond this length, the power will decrease.
These are the typical values of power emitted by the transistor. Note that this is the power evaluated without considering the ungated regions, the contact (source and drain) regions. Most of the emitted power, from the plasma channel, will be absorbed mainly by the metallic gate. In practice the available power will be much less than these values. Figure 6 (a) shows the theoretically calculated emitted power versus the plasma spectrum (modes n=0, m=0 up to 1000) for two different gate lengths (the black and cyan lines are theoretical calculations from equation (19) and the gray lines are approximate fitting curves). Figure 6(b) is the experimental data of [2] . Both figures show a similar pattern. Both figures have peak power in a specific frequency and the power falls to zero away from this frequency. The experimental curve has wider widths which may be attributed to the transistor width or to the ungated regions and/or higher mode numbers (n), which we have not considered here. Here we do not try to give an accurate estimation of the radiated power; it is beyond the scope of this article and needs rather accurate simulation software, taking into account various phenomena occurring in the transistor such as nonlinearity of plasma in the channel, absorption of power by different element of transistor, specially the gate section, effect of ungated section on the plasma spectrum and so on.
The power depends on the width of the transistor as W 2 (for narrow transistors such as GNR-FET) or W 4 (for wide transistors). To increase the power, we can increase the plasma velocity (by increasing the charge density through the applied gate voltage) or wave amplitude (by increasing the drain biasing current) but these values have a maximum and we cannot increase them further. One possibility is to use an NDC element in the gate to increase the power via increasing the amplitude of the plasma oscillations or increasing the gate bias or increasing the drain current. Another possibility is to increase the transistor width. A wider transistor has much more power than a narrower transistor, as seen from equation (19) , so a GNR-FET or a CNT-FET are inefficient THz emitters. We can construct the NDC in the gate, using (for example) resonant tunneling in the gate section. Figure 7 (a) shows the emitted power versus the transistor width for gate length L=50 nm and for three-different gate currents of a (positive) gate leakage current, no leakage current, and with an injection current. Figure 7 (b) shows this relation for L=500 nm.
Both figures show that narrow transistors have negligible power (the power is almost zero for width less than 20 mm). Even a negative gate element will not increase the power of a narrow transistor.
But the situation is different for a wide transistor, by increasing the width of the transistor, power increases rapidly. As we can see from both figures, an injection current in the gate will increase the power approximately 8 times. For L=500 nm, a positive gate current will damp the plasma oscillations and the power will be zero.
Conclusion
We analyzed a THz source which employs the plasma excitation method in a transistor including an NDC in the gate section. We presented analytical solution to a more realistic transistor including the effect of gate leakage current, lateral direction, momentum relaxation time, viscosity and small drift velocity. Based on the hydrodynamic formalism, we solved the Euler, continuity and Poisson equations in the GCA approximation and derived analytical expressions for the dispersion, plasma frequency, 'increment' and the emitted power. We demonstrated that the injection from the gate can improve the amplitude of plasma oscillations and the emitted power. In particular, we demonstrated that the total power depends on the lateral direction, plasma velocity and gate current (via amplitude). We demonstrated that by increasing the width of the transistor, the emitted power increases. We also demonstrated that the viscosity limits the emitted power as well as the plasma amplitudes.
